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Abstract. In this paper we consider the conservative averaging method (CAM) for solving the diffusion-

convection initial -boundary value problem (IBVP) with piece-wise coefficients in two layered domains. The 

created special exponential and hyperbolic type approximation functions – splines interpolate the middle integral 

values of the piece-wise smooth function, and thus the studied IBVP is reduced to the problem of the system of 

ordinary differential equations. The solution of the corresponding 1-D IBVP with diffusion was obtained also 

numerically, using the Matlab routine “pdepe” and the numerical solution was compared with the analytical 

solution. The 1-D diffusion-convection and 1-D diffusion boundary problems were solved and the solutions 

obtained were analysed with CAM (in case of exponential and hyperbolic splines) and also with Matlab 

“pdedpe” programme. Higher accuracy of the calculations in solving the 1-D diffusion-convection IBVP (case of 

discontinuous coefficients with a “jump-off” effect of the solution of IBVP) was identified by CAM. A practical 

task was solved: the temperature was calculated through the two layered material of gypsum products exposed to 

fire and the calculations were compared with the results obtained at the Faculty of Environment and Civil 

Engineering of the Latvia University of Life Sciences and Technologies. The data processing and analysis tools 

MS Excel and IBM SPSS Statistics20 tested the coincidence of the numerical calculations performed with the 

above mentioned experimental results. 

Keywords: conservative averaging method, exponential splines, gypsum products, heat distribution, hyperbolic 

splines. 

Introduction 

The initial boundary value problems (IBVP) described by PDE with piece-wise coefficients in 

multi-layered domains are currently the subject of studies. 

The interest is often caused by problems in themselves, but even more interesting are their 

solutions: mainly numerical ones, because analytical solutions can only be obtained in the ordinary 

sense (without changing the number of dimensions of the boundary-value problem) in the simplest 

cases. 

The article deals with a universal method for solving the second order of partial differential 

equations – consider the conservative averaging method (CAM), the essence of which is a reduction in 

the number of dimensions of a given IBVP, with a view to obtaining analytical expressions (formulas) 

of the solution. The further solution of the IBVP includes a repeated reduction in the number of 

dimensions or applying of numerical methods to solve the acquired IBVP. 

The unknown function is replaced by the approximated solution – the special spline with two 

different functions, which interpolate the middle integral values of the piece-wise smooth function. 

The functions of the exponential and hyperbolic type spline are created and used with parameters 

that have to be chosen in the appropriate way to decrease the error of approximation of the solution. 

It should be noted that, in a limited case, when the parameters of the spline function tend to zero, 

we have the integral parabolic spline, obtained from A.Buikis [1]. The solving of 3-D IBVP in N- 

layer domain is considered in [2]. 

The solving of 1-D diffusion-convection IBVP using CAM and also Matlab routine “pdepe” is 

studied in the present article. CAM makes it possible to solve the IBVP with discontinuous convection 

coefficients. In the paper [3] the convection-diffusion problem with discontinuous coefficients is 

approximated by the implicit finite-difference scheme. Different cases of convection coefficients were 

chosen in numerical experiments to investigate the impact of the “jump-off” effect of the IBVP 

solution.  
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As an application for modelling of transfer processes we study the heat transfer processes through 

layered material of gypsum products (gypsum foam and gypsum board) exposed to fire. 

Research on gypsum materials as good building and finishing materials is important in various 

aspects, but from a fire safety point of view, it is important to study the properties of these materials 

directly in processes exposed these materials to fire. 

The heat conductivity and transfer properties of gypsum materials, their thermal persistence and 

their general characteristics during the heating and burning processes have been studied in [4-6]. 

There are often experimental difficulties in temperature determining when heating gypsum 

material, so mathematical modelling for temperature calculation without direct measurement is very 

useful, of course, provided that the mathematical model created is sufficiently accurate for engineering 

calculations. 

Therefore, a mathematical model for solving the 1-D IBVP was created, where the temperature on 

two layers of gypsum material was calculated, taking into account the dependence of the layers 

various density and diffusion coefficients on the burning temperature. 

The data processing tools MS Excel and IBM SPSS Statistics20 were used to verify the accuracy 

of the mathematical model with the Paired-Comparison test. 

Materials and methods 

1. The mathematical model  

The nonstationary diffusion- convection problem is studied in 1-D domain Ω = {(z):0 ≤ z ≤ Lz}, 

which consists of N-layered medium Ωi = {(z):z∈( zi – zi-1)}, i = 1̄ ,̄ N̄, where Hi = zi – zi-1 is the height 

of layer Ωi, z0 = 0, zN = LZ. We must calculate the distribution of concentrations ui = ui(z,t) in every 

layer Ωi at the point (z) = Ωi and at the time t by solving the following IBVP for partial differential 

equation (PDE): 
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where ui = ui(z,t) – the concentration functions in every layer; 

 qi = ri + 1z/riz – the “jumps” of convection-coefficients; 

 Fi, C0z, Caz, Diz, riz, ai0 – the constant coefficients; 

 αz, βz – the constant mass transfer coefficients in the 3-rd kind boundary conditions; 

 Caz, C0z – the given concentration on the boundary; 

 tf – the final time; 

 ui0 – the given initial condition.  

If N > 2 then the solution is discontinuous [3], if N = 1 – the conditions on the contact line are 

deleted.  

1.1. Averaging in z-direction applying integral spline of exponential type (N = 2) 

In the case of two layers, the spline function is in the form [7]: 
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These parameters are the characteristic values for the equation Dizλ
2
 + rizλ – a

2
i0 = 0 corresponding 

to the ordinary homogenous differential equation Dizu″(z) + rizu′(z) – a
2

i0(z) = 0 with the independent 

variable z. The functions miz = miz(t), eiz = eiz(t) are found, as in previous publications [2], from 

boundary conditions of (1.1) at z0 = 0, z = z1, z = LZ, but in addition a condition qi = ri + 1z/riz that 

determines the “jump-off” effect of the solution is used. 
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Applying CAM with respect to IBVP (1.1), we get a system of ODEs for the function to be 

searched, ui = ui(z,t), i = 1̄ ,̄ 2̄; 
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The solution of the system (1.3) is in the form of vector-matrices: 
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The stationary averaged solution of the (1.1) is 
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The stationary analytical solution of the (1.1) is  
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1.2. Averaging in z-direction applying integral spline of hyperbolic type (N = 2) 

In the case of two layers, the hyperbolic type spline function is in the form [8]: 
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For hyperbolic type functions we use the following parameters (optimal parameters for solving 

diffusion problem without convection [8]): 
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Similarly we can obtain the unknown functions uiz(t), miz(t), eiz(t), [8]. 
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Results and discussion 

1. Numerical results for linear problem 

This chapter deals with solving of the IBVP (1.1) (linear case – diffusion coefficients Diz of (1.1) 

are constant) using CAM and MATLAB programme “pdepe”. For the purposes of this article, the 1-D 

mathematical model (1.1) has been supplemented by an improved condition of coherence on layer 

borders: qi = ri + 1z/riz – the “jump-off” effect of the solution of IBVP. This is a discontinue solution to 

the equation of IBVP, which is due to discontinued convection coefficients. 

This chapter uses the spline function (exponential, hyperbolic, and parabolic) to get an 

approximated solution. This makes it possible to assess the effectiveness of the use of spline functions 

as regards the precision of the approximated solution in the different possible cases of “jump-off” 

effect. 

Another literature source [9] also provides solving of the 1-D IBVP with the help of “pdepe” 

using the grid method. In addition we give some possible cases of the convection coefficient riz of the 

IBVP.  

The following discrete values are used to create the grid: 

hjx j ⋅= ,
 xNj ,0= ,

 
3==⋅ zx LhN ,

 
τ⋅= ntn ,

 tNn ,0= ,
 

19==⋅ ft tN τ ,
 

100=tN ,
 

60=xN ,
 

00 =u ,
 

1=azC ,
 

50 =zC ,
 

210=zα ,
 

410−=zβ .
 

For two-layer environment we have: 

6.01 =F ,
 

4.02 −=F ,
 

2.110 =a ,
 

8.020 =a ,
 

1
1 10−=zD ,

 
2

2 10−=zD ,
 

8.11 =H ,
 

2.12 =H .
 

We use three possible cases of convection coefficients: 

1. r1z = r2z = 0.1 (discontinuos derivatives),  

2. r1z = 0.5, r2z = 0.1 (discontinuos derivatives and solutions),  

3. r1z = r2z = 0 (solution without convection). 

There are represented the numerical (obtained with “pdepe”) and averaged (obtained with CAM 

for parabolic splines (A. Buikis [1]), exponential type and hyperbolic type splines) for two layers at 

r1z = r2z = 0.1 in Fig. 1. The error of approximation for averaged solutions is: with exponential type 

spline – erexp = 5·10
-9

; with hyperbolic type spline – erhyp = 0.278; with parabolic type spline – 

erpar = 0.360, for numerical – ernum = 0.0119. There is represented the analytical (exact) solution 

(1.5) and averaged (1.4) (obtained with CAM) solution at r1z = 0.5, r2z = 0.1 in Fig. 2 with the 

following errors: erexp = 10
-9

, erhyp = 0.270, erpar = 0.326. In the case r1z = r2z = 0 (solution without 

convection) the following calculation errors were obtained: erexp = 2·10
-12

, erhyp = 2·10
-12

, 

erpar = 0.439, ernum = 0.0108. 

 

Fig. 1. Nonstationary solution obtained by 

“pdepe” and CAM at r1z = 0.5, r2z = 0.1, 

t = tf ernum = 0.0119, erexp = 5·10
-9

, 

erhyp = 0.278, erpar = 0.360 

Fig. 2. Stationary solution (analytical and 

obtained by CAM) at r1z = 0.5, r2z = 0.1 
erexp = 10

-9
, erhyp = 0.270, erpar = 0.326 
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2. Application for modelling of heat transfer problem for two layered gypsum board products 

exposed to heating 

For the purposes of this chapter we shall use the experimental data obtained on the heating of 

gypsum plates [10]. In order to determine the coefficients’ cp (specific heat) and K (thermal 

conductivity) dependency on temperature, the cubic spline interpolation was used, which is more 

accurate compared to the linear dependency used above [10]. With the help of Math Model (1.1) a 

temperature distribution depending on the variable coordinate z – the thickness of the gypsum plates, 

at different time t values was obtained.  

The gypsum board material with two layered plates in z-direction is studied: a foam gypsum plate 

of a thickness H1 = 0.0125 m and density ρ1 = 300 kg·m
-3

 and gypsum carton plate – H1 = 0.0125 m 

and ρ1 = 1000 kg·m
-3

. 

Gypsum plate from the side z = Lz = 0.025 is heated, the functional relationship of temperature is 

g(t) = 20 + 345·lg(8t/60 + 1) ºC, t – time in minutes [10]. 

Based on literature sources [2;5] 11, 14 the cp (specific heat) and K (thermal conductivity) 

dependency on time was found through the cubic spline interpolation, see Fig. 3, 4. In this case we 

have in equations of the IBVP (1.1) the thermal diffusion coefficients 

 2

2

1

1 ,
ρρ p

z

p

z
c

K
D

c

K
D ==

  

depending on the temperature. For the initial condition for t = 0 we give u1(z,0) = u0(z,0) = u0, where 

u0 = 20 ºC. The following boundary conditions should be applied to the IBVP (1.1) according to the 

task under consideration for gypsum plates: r1z = r2z = 0, r
2

i0 = -, Fi = 0, qi = 0, βz = 0, αz = ∞, 

Caz = g(t). 

The results of calculations are obtained by MATLAB. 

 

Fig. 3. Specific heat cp dependence on 

temperature u 

Fig. 4. Thermal conductivity K dependence 

on temperature u 

The results for the final time tf = 83 1/3 min, Lz = 0.025, H1 = H2 = 0.0125 are represented in 

Fig. 5 with u(0,tf) = 512.5 ºC, u(H1,tf) = 595.7 ºC, u(Lz,tf) = 994.5 ºC, u(0,25) = 70.2 ºC, 

u(0,50) = 199.9 ºC. 

Fig. 6 shows very good coincidence between the experimental measurements with the obtained 

numerical calculations, where [11]: 

u2(Lz,t) = [476,599,701,721,746,761,781,804,815,833,854,861,872,891,902]; 

u1(0,t)exp = [24.4,24.5,40.0,45.7,54.8,56.8,57.3,62.2,69.4,79.2,96.1,102.8,115.2,141.6,147.6]; 

u1(0,t)num = [20.6,24.8,35.7,39.3,45.0,49.1,55.6,65.1,70.2,81.3,96.9,103.7,115.0,142.4,164.9]; 

In the Fig.6 there are compared the numerical (u1(0,t)num) and experimental (u1(0,t)exp) results for 

temperatures u2(Lz,t) in the interval [476, 902].  
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Fig. 5. Solution u(z,t) depending on z at fixed 

t values, u1(0,tf) = 512.52 

Fig. 6. Comparsion of numerical (Calc) and 

experimental (Exp) results 

Using the Paired-Comparison test [7]:” t-Test Paired Two Sample for Means” with MS Excel 

between the values u1(0,t)exp and u1(0,t)num, the results of  

0.332 (t Stat) < 2.145 (t Critical two-tail) (α = 0.05 – level of significance) indicate that the 

difference between the values to be checked (u1(0,t)exp and u1(0,t)num) is not statistically 

significant [7], which can be interpreted as a good coincidence of the experimental and 

corresponding predicted numerical results. 

A similar result at matching the pairs of u1(0,t)exp and u1(0,t)num was also obtained with IBM SPSS 

Statistics20, comparing the above mentioned data pairs with the “Wilcoxson Signed Ranks Test” [12]: 

0.649 (asymp. Sig. 2-tailed) > 0.050 (level of significance). 

In addition to the statistical tests performed, the calculated square error (SQE) between the 

experimental measurements and the obtained numerical calculations was SQE = 1.6077 (SQE = 2.2 % 

calculated as a percentage), 

 

( )

( )1

2

−⋅

−∑
nn

dd

=SQE i

ii

,  

where di – difference between the experimental measurements and the numerical calculations; 

 d̅i – average difference of the measurements concerned. 

Conclusions 

1. The investigational nonstationary diffusion-convection initial-boundary value problem (IBVP) in 

multi-layer environment is being transformed to the initial value problem of ordinary differential 

equations due to the designed spline function’s varieties – the hyperbolic and the exponential. 

2. A stationary analytical solution was obtained in the solving of the 1-D IBVP, the use of CAM 

resulted in a nonstationary solution and stationary averaged solution. Applying the Matlab 

“pdepe”, the numerical results in solving linear and nonlinear 1-D IBVP were obtained. 

3. Solving the 1-D diffusion – convection IBVP resulted in a “jump-off” effect of the obtained 

solution. Calculations with CAM using exponential type splines showed several times higher 

accuracy than with Matlab “pdepe” – this indicates the effectiveness of using CAM. 

4. Studying the effectiveness of CAM, also solving the 1-D diffusion IBVP, it was found that the 

accuracy of the solution obtained, both by hyperbolic and exponential type splines, was higher 

than that of obtained by Matlab “pdepe” programme. 

5. The statistic method used – Paired-Comparison test with MS Excel and IBM SPSS Statistics20 

allowed for comparison of the experimental results with the numerical results obtained by solving 

the system of PDEs and thus enabled quantitative characterisation of the good coincidence of the 

comparable data, which in turn gave a qualitative characterisation of the mathematical model 

created – its usefulness for studying heat transfer processes of gypsum products exposed to fire. 
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